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dodifferential operator (the semiclassical parameter being the inverse of 
the square-root of the nuclear mass), and a semlbounded operator lo¬ 
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1. Introduction 

This paper is devoted to the Born-Oppenheimer reduction of a diatomic 
moiecuiar Hamiitonian, near energy ieveis where resonances may appear. 

The principie of the Born-Oppenheimer reduction goes back to 1927 with 
the work |BoOp| , where the fact that the nuciei are much heavier than 
the eiectrons is expioited in order to approximate the compiete moiecuiar 
Schrodinger operator by a reduced Hamiitonian, acting on the positions of 
the nuciei oniy, and in which the eiectrons are invoived through the effective 
eiectric potentiai they create oniy. This principie has been wideiy used by 
chemists since that period, but the mathematicaiiy rigorous justifications of 
this reduction are much more recent. They started with [CDS], where it 
has been justified up to error-terms of order h? := {Mnud being the 

average mass of the nuciei), and continued with [Hall iMal] (up to 0{h°°), 
but concerning smooth interactions oniy), [Ha2j (up to 0{h°°) for bounded 
states of diatomic moiecuies), |KMSW] (exact reduction for bounded states 
of poiyatomic moiecuies), [Ha3l [Hail IMaSoTl IMaSo2j (up to 0{h°°) for the 
quantum evoiution probiem). Let us aiso mention resuits on the Born- 
Oppenheimer reduction for the scattering process |Ral IKMWll IKMW2j . 

Concerning the reduction for resonant (or metastabie) states with singuiar 
(Couiomb-type) interactions, to our knowiedge it is treated in |MaMej oniy. 
In that paper, following ideas from [KMSWj . a reguiarisation of the Hamil¬ 
tonian is constructed far from the collision set of the nuclei, and this gives 
rise to an effective Hamiltonian of pseudodifferentiai type. However, this ef¬ 
fective Hamiltonian is not constructed for the exact moiecuiar Hamiitonian, 
but for a modified one where the singuiarity coming from the coiiision set of 
the nuciei has been artificiaiiy removed. Because of this, additionai assump¬ 
tions have to be done in order to be abie to compare the resonances obtained 
from the effective Hamiitonian to those of the originai Hamiitonian. 

Indeed, the main inconvenient of [MaMej lies in some precise assumption 
(see condition (ii) of Proposition 6.1 in [MaMej i that involves the unmodified 
operator directly, and appears to be difficult to verify in general. 

Here, we construct an effective Hamiltonian for the unmodified molecular 
Schrodinger operator, in such a way that the contribution of the collision set 
of the nuclei is clearly individuated and separated from its complementary. 
The resulting effective Hamiltonian appears to be the sum of a semiclassical 
pseudodifferential operator (where, as usual, the semiclassical parameter is 
the inverse of the square-root of the nuclear mass), and a semibounded oper¬ 
ator localised near the collision set of the nuclei. Thanks to this localisation 
it is possible to apply a general technique (originated in |HeSj2| ) in order 
to compare the resonances of the full effective Hamiltonian to those of its 
pseudodifferential part. 

In the next section, we prove an abstract result of reduction, similar to the 
Feshbach standard result, but with the difference that the nuclei position- 
space is split in two parts, each of them giving rise to separated contributions 
in the final effective Hamiltonian (see Theorem 12.II) . In Section [3l we apply 
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this result to the particular case of a diatomic molecular Hamiltonian, with 
Coulomb singularities. Then, in Section [H we give a representation of the 
effective Hamiltonian in terms of a matrix operator, that can be split into 
a smooth pseudodifferential part and an operator localised into the elliptic 
region (see Theorem ld.lH . In addition, the conjugation of these operators by 
an exponential weight-function is studied, too. This is used in Section [5] to 
investigate their action on WKB solutions. In Section [6l a general method 
(taken from |HeSj2| ) is described, in order to compare the resonances of the 
full effective Hamiltonian to those of its pseudodifferential part. Finally, 
in Section [71 we give a list of applications where our result, together with 
other techniques, permits to locate molecular resonances and give estimates 
on their widths. 


2. An abstract splitting result 


Let T-Lq be a Hilbert space. We consider a general (unbounded) closed 
operator P with domain T>p on T-i := L^(M"') (8) T-Lq, that can be written on 
the form, 

r® 

P = Ko® I + / Q{x)dx =■. Ko® I + Q, 

J'M® 

where Kq is a closed operator on L^(M”’) with dense domain Pq, such that, 
(2.1) ReAro>0, 

and, for almost all x € M"', Q{x) is a lower semi-bounded closed operator on 
'Hq, with lower semi-bound —Cq and dense domain T>q, both independent 
of X. In particular, one has. 


Vp = Do <8 Dq . 


We are interested in the spectrum of P near some real interval Iq := (—oo, Aq], 
and we assume the existence of two open subsets Wo and Wi of M"', to¬ 
gether with a continuous family of projections (n(x))i;gKn on T-Lq and some 
<5o > > 0, such that. 

Wo U Wi = M"; 

Re(5(x) > Ao-k 5o o..e. on Wo; 

(2.2) n(x) : Vq Dq; 

[(5(x), n(x)] = 0 a.e. on Wi; 

Re((5(x) — Ao — 5i)(l — n(x)) >0 a.e. on Wi. 


We set 


/*© 

H := / Yi{x)dx ; Hred ■= n(iR) C P, 


Our aim is to reduce the spectral study of P near Jo, to that of an operator 
acting on the ‘reduced’ space Pred (as in the standard Feshbach method), 
but in such a way that the contributions of Qo := Q(x)dx and Qi := 
fwi Q{^)dx are clearly individuated and separated (the idea is that, in the 
applications, Qi is a “smooth” operator, while Qq is “singular” but elliptic). 
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Let (/9o, , V'o) [0,1]) be cut-off functions such that, 

Supp(/9j U SuppV'j C Wj (j = 0,1); 

(2.3) (/jq + 1 

tpj = 1 on Supp(/?j {j = 0,1). 

We set, 

Pq = Kq + Qo •= Pq + Q + (Aq + 5o -|- C'o)(1 — ipo)] 

(2.4) .Pi = Kq + Qi ■= Ko + QV’i + (Ao + <^o)(l ~ V’l); 

n := i-n. 


In particular, one has ^PjPj = ^jP and Pj^j = P^j for j = 0,1. Moreover, 
by construction, one also has, 

Re Pq > Ao -|- doj 

(2.5) 

^ ^ Ren(Pi - Ao-(5i)n > 0, 

and thus, for z in a small enough complex neighborhood of Iq, both Pq — z 
and the restriction of nPiII— 2 ; to the range of 11 are invertible, with bounded 
inverse. We set, 

Xo = Xq{z) := n(Po - ^)-'n; 

Xi = Xi{z) := n (n(Pi - z)n)ft; 

P-^i:=[Pi>n] O'= 0,1); 

Tj:=[KQ,ipj\ (j = 0,1); 

(2.6) Y = Y{z) := ^pqXqTq + ipiXiTi] 

Y' = Y'{z) ■.= TqXq^q + TiXilpi- 

Yi := lpqXqMqlpq -|- {piXiXInpi\ 

Y 2 ■= ^PqMqXqXIqipq + ipiXIiXiMupi', 

Yq := ^PqXIqXqTq -|- yJiMiXiTi; 

I4 := 

Observe that Y and Y' are bounded operators on P and, in the applications, 
they will actually be very small. Our result is. 


Theorem 2.1. Assume ||y(2;)|| < 1 and ||y'(2;)|| < 1. Then, for z in a 
small enough complex neighborhood of Iq, one has the equivalence, 

z € cr(P) 0 € a{A{z)), 


where, 


with. 


A(z) — n (z — P) n -|- i? : Pred O Pp —?> Pred, 


Biz) := Ui-Y 2 + (Mo + F3 - R4)(1 + R)"0l " Ri))n. 


Proof. For z G C near Iq, we consider the Grushin problem, 
(2.7) Giz) := ^ 0) • ^ ^ 
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We also consider, 

( 2 . 8 ) 




(J=0,1). 


It is straightforward to check that Gj{z) (j = 0,1) invertible, with inverse 
given by, 

12 hi G _ ( ^ ~ 

[z.y) yj[z) . (^n(l + MjXj) U{z - Pj - MjXjMj) 


Setting P{z) := (foGo Vo + ‘fiGi Vi and U := (poXoifo + (piXi(pi, we find, 

U 1 -W 

U{l+Yl) U{z-P-Y2) 


(2.10) 

P{z) : 

with. 

Yl 


and then, using that (/9o[-P)n] = ipoM^, H] = (piMi, Uli = 0, y/II = 0, 
and y^n = 1114 , 

"i + y 0^ 


with. 

Therefore, the operator, 


^{z)G{z) := I j ) > 

Gi := -nMo - Ts + ny4. 


( 2 . 11 ) 


1 + y 0 

Gi I 


-1 


P{z) = 


(/ + y)-i 0 

-Gi(/ + y)-i / 


P{z) 


is a left-inverse for Giz). 

In the same way, using that IIl^II = I 2 , we also find. 


with. 


r( \T( \ /i + y^ G2 
G{z)P{z) := ( 0 I 

G 2 := Mo — TqXqMq^pq — TiXiNii^pi — y4n. 


This proves that G(z) is surjective, too, and thus invertible with inverse 
given by (12.lip . Moreover, if A{z) stands for the coefficient (2, 2) of G{z)~^, 
one has the standard algebraic property, 

z G a{P) 0 G a{A{z)). 

By definition, we also have A{z) = 11 ( 2 : — P — Y 2 ) — Gi(l + y)“^(l — Yi), 
and the result follows. □ 

Remark 2.2. If we neglect all the terms involving Y, Mi = [Xq,!!], Ti or 
T 2 (that will all he small in the applications we have in mind), we see that 
the operator A{z) reduces to its principal part ^ 0 ( 2 ^); given by, 

Ao{z) := U{z-P- RXoR)U, 

with R := [Q,n] = ipo[Q,Il]ifo. 
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3. Diatomic molecular resonances 


3.1. The model. We consider the selfadjoint operator H on x 

with domain x defined as 


(3.1) 


with 


H = -h'^A + Helix) 

/V ~ ^ cx 

Helix) = Helix) + —7 

|x| 

.^ei(a;) = - Ay + Vix,y) 


Vix,y) 


E 


a- 


a. 




+ 


\yj - A 


n 


+ E 


^jk 

\yj - yk 


where a, and ajk are real constant and a > 0, < 0. 

In this model, x stands for the relative position of the nuclei, y for the posi¬ 
tion of the electrons, and /i^ for the ratio between the electronic and nuclear 
masses. In particular, Hei is the electronic Hamiltonian with electronic mass 
normalized at m = ^. 


Let us define the resonances of P by using the analytic distortion introduced 

in |Huj . 

Let uj : —>■ be a smooth odd vector field such that 


• w(x) = 0 for |x| < ii (i? > 0 large enough); 

• w(x) = x for |x| >> 1, 

• For any rotation 7^ on one has uj iTZx) = TZujix). 

(In other words, we take a;(x) on the form a;(x) = with x(t) = 0 

when t < R, and xiA = 1 for i >> !■) For /x G M small enough, we consider 
the transformation 

F)i(x, y) = ix + yujix),yi + yujiyi), ...,yp + yujiyp)) 
and the analytic distorsion Up associated to Fp defined as 

Up4>ix,y) = (jjiFpix.y)). 

Then the family, 

Hp = UpHUp^ 

can be extended to small complex values of y, and we can give the following 
definition: 

Definition 3.1. A complex number p is a resonance of H if He p > inf GessiH) 
and there exists p, small enough, with \m.p > 0, such that p G OdisciHp). 

Remark 3.2. Using the self-adjointness of H, one can prove that this is 
also equivalent to p G g discing)- 


In the following we denote by r(L7) the set of such resonances. 
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3.2. General assumptions and reduction. We assume that, for some 
fixed Ao G M, and for all x G one has, 

(3.2) a{Hf,\[x)) n (—oo, Aq] is discrete. 

Moreover, we also assume the existence of some finite m > 1, such that 

(3.3) #o-(Fei(x))n] - oo, Ao] < iV. 

Let us denote by 

Ai(x) < A2(a^) < • • • < \ n { x ) 

the first N eigenvalues of and assume there exists a gap between them 

and the rest of the spectrum of Hf,\{x), that is, there exists some 5 > 0, such 
that, 

(3.4) inf dist ((T(Fei(x) \ {Ai( 3:), ..., AAr(x)}, {Ai(x),..., AAr(3:)}) > (5 

This fact implies that the spectral projection nei(x) of Hei{x) associated to 
{Ai(x ),... ,X]\f{x)} is with respect to x G (see [CoSel I^DSj L 

In the following, we set 

Q. 

Aj(x) := Aj(x) + 1^, j = l,...,iV. 

Since a± < 0 then there exists C > 0 such that 

Xn{x)<C + ^. 

\x\ 


For X 7 ^ 0, we set 
and 




K(x) = H^tix) + 


a 

X + /iw(x)| 


By Lemma 2.1 in IMaMel . we also know that there exists Ci > 0 such that, 
for all X / 0 

Ai(x) >^-Ci 

\x\ 

For X G M”', let 7 (x) be a continuous family of simple loops of C, enclosing 
{Aj(x) ] j = 1,, N} and having the rests of a{Hei{x)) in its exterior. 

By the gap condition, we may assume that 

min dist(7(x), (T(i/el(3^))) > - > 0 

xgk3 2 

Moreover, 7 (x) can be taken in some hx compact set of C. 

Thanks to Lemma 2.3 of [MaMe] . if // G C is small enough, then for any 
X G and z G 7 (x), the operator (z — H^^{x))~^ exists and satisfies 

{z - H^^{x))-^ -{z- Hei{x))~^ = 0(|/r|) 
uniformly. Then, for /r G C sufficiently small, we can define. 
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At that point, we fix /x = iji' with /x' > 0 small enough, and we apply 
Theorem O with. 


. Hq := L2(MP); 

• Kq := = [(1 + iJ^duj{x))~^hDa;]‘^; 

• Q(x) := 

. Vq := H^W)- 

• P := 

• Vp:= if2(K3+P); 

• Wo := {|a:| < 26i} with (5i > 0 arbitrarily small; 

• Wi := {\x\ > 5i}; 

. n(x)=n^i(a:). 

We observe that all the properties (12.2p are satisfied (with, indeed, Jq ar¬ 
bitrarily large), and in addition, endowing H^CR^) with the semiclassical 
norm ||xx||/xs := \\h~'^P{^)^u{^/h)\\p 2 (where u stands for the usual Fourier 
transform), we see that, 

Ao, Ai = 0(1) : {R^■, L'^(RP)), 

and thus, we have, 

(3.5) Y, Y' = 0{h) : H-^{R^; L^{RP)) L^{R^; L^{RP)). 

Moreover, using the fact that, for any function /, one has, 

((/ + i/du}{x))~^Vx - (^ + fJ-^du}{y))~^Vy) f{x + /xa;(x) - y- yu]{y)) = 0, 

we see that we can use the same argument as in [CoSel ICDSj , and conclude 
that ng[(x) is with respect to x G As a consequence, and since Kq 
is a 0-th order semiclassical differential operator of degree 2 with respect to 
X, and [Q, n] =0 everywhere, we also have, 

Mo = Ml = 0{h) : L^{R?]L^{RP)) {R^] {RP))-, 

Mo = Ml = 0{h) : H^{R^-L^{RP)) ^ L^{R^-L^{RP)). 

We also deduce that IIF 2 II + ll^sH = Oih?), and since flMoII = 0 and 
HY/Jl = 0, in that case Theorem O becomes, 


Theorem 3.3. For h > 0 small enough and z in a small enough complex 
neighborhood of (— 00 , Ao], one has the equivalence, 

Z € r(H) ^ 0 G aiAy(z}), 


where, 


{z — Hy) Ilgj -|- By(z) : Rred n Pp P-redi 

with, 

Byiz) = {-Y 2 + (Mo + Ts - n)(l + Y)-\l - Ti)) UP, = 0{h^). 

Remark 3.4. Using Remark 13.21 we see that this is also equivalent to: 
0 G a{Ajz{z)). 

Remark 3.5. In particular, the principal part of Ay{z) is given by, 

Al{z) := UP, (z - Hy) (z - H) U,iU-\ 
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4. Smooth representation of the effective Hamiltonian 

Now, we are interested in the structure of the effective Hamiltonian A^(z), 
and in particular in its possible representation as a semiclassical pseudo¬ 
differential operator, at least away from x = 0. In view of the study of 
its action on WKB-type functions, we also study the conjugated operators 
for convenient functions s = s{x). 

Since n(x) depend continuously on x G and one can find m continu¬ 
ous section vi{x),... ,VNix) generating Rann(x) and we can also assume 
that they form an orthonormal family. Moreover, one can easily check that 
Ai(x), A 2 (x), ..., AAr(x) depend on |x| only, and can be reindexed in such a 
way that each of the them depends analytically on x 7 ^ 0 . 

The arguments of [MaMe] show that one can construct finite family of 
bounded open sets (Hj)o<j<j in M"’, with Qq C {i/’i = 0}, and a corre¬ 
sponding family of unitary operators Uj{x) (j = 0, • • • , J; x G Hj), with 
Uq = 1 such that (denoting by Uj the unitary operator on ~ 

L‘^{Qj) (g) induced by the action of Uj{x) on 

• 

• For all j = 0, • • • , J and x € Qj, Uj{x) leaves invariant; 

• For all j, the operator Uj{—h'^Ax)U~^ is a semiclassical differential 
operator with operator-valued symbol, of the form, 

Uj{-h?Ax)U~^ = {-h?Ax) + h ^ uii3j{x;h){hDx)^, 

I/3|<1 


where Uf 3 j(—Ay -|- Ij'z' ^ £(L^(M^p))) for any 7 G N” 

(here, T(L^(M^^)) stands for the Banach space of bounded operators 

on L^(M^P)), and the quantity \\d2ujpj{x-, h){-Ay + l)^~^\\c(L^(K3p)) 
is bounded uniformly with respect to h small enough and locally 
uniformly with respect to x G Clj] 

• For all j, the operators Uj{x)Q{x)'ipiUj{x)~^ and Uj{x){—Ay+l)Uj{x) 
are in £(H 2 (M 3 p)^. 

In particular, following the terminology of [MaSo2| . one can check that the 
corresponding operator Pi (defined as in ( 12 .4p ) is a twisted pseudodifferential 
operator on associated with (Hj, Pj)j=o,...,J- 

Moreover, if we also assume that the Aj’s are non degenerate and separated 
at infinity, in the sense that there exists C > 0 such that, 

(4.1) inf |Aj(x) - Afc(x)| > for |x| > C, 

j^k C 


then, by Proposition 5.1 of [MaMe] . for // G C small enough, there exist m 
functions Wk^y,{x^ y) G (7*^(1^^; P^(M^P)), A: = 1,... A^, depending analytically 
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on ^ near 0, such that 

For X € Wi, {wk,fj.)i<k<N form a basis of Ranng[(x); 
^^ 2 ) Wk,^eC°^{Wo,H\R^P); 

For |x| large enough, Wk,^ is an eigenfunction of Qij,{x) 
associated with Xk{x + nuj{x)); 

For i = 1,..., J, Uj{x)wk,^ G 

For u G L‘^{R^~^p) and x G M”, we set, 

N 

ngi(x)u := '^{u,Wk,p.)L^(R3p)Wk,i,. 
k=l 


In particular, for x G Wi, one has = ngj(x), and we also observe 

that, if (5i has been chosen small enough (in the definition of Wo), then, for 
X G Wo\{0}, one has Re Q{x) > Ao + do- As a consequence, all the properties 
(12.2p are satisfied with n(x) := ngj(x), too. 

In the following we set 

N ^ 

R- : © L\R^) ^ L\R^+^P),R-{ui ,..., u^Wk,^ 

^ k=l 

and 

N N 

R+ = {R-y : L^R^+^P) ^(BL^iRy,R;g = (B{g,Wk,ii)LRR^P), 


so that we have, 

R;R- = I ; R-R; = U^, = U. 

As a consequence, R'^ sends isomorphically "Hred into with inverse 

R~. Moreover, by construction we also see that R® sends H‘^{R^~^^p) into 
H‘^{Ry. Thus, in this case the study of the Grushin operator introduced in 
(12.7p is equivalent to that of. 


■ (o R+ 


P-z I 

n 0 


I 0 
0 R 


P-z R: 




0 


: Vp®L\Ry 


A, 

S'.ffiAf 




p3\®N 


and Theorem 12.11 gives us the first assertion of the following result : 


Theorem 4.1. Let g, = ig' with g' > t) fixed small enough. For h > 0 small 
enough and z in a small enough complex neighborhood of (—oo, Aq], one has 
the equivalence, 

(4.3) z G r{H) ^ 0 G u(I^(z)), 

where, 

A^{z) = R+(^z-H^ + B^{z)) R- : H^rY'' ^ L\rY^, 
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with, 

= -Y2 + (Mo + F 3 - n)(l + - ^ 1 ) 

= -RXoR + 0{h). 

Here, R := [Q,!!] = (Pq[Q,H]lpq. 

Moreover, if s = s(a;) G satisfies |Vs(x)p < 9{x,z), with, 

9{x, z) := min{Ao + 5o — Re 2 ;, inf (T(Ren((5(a^) — 2)n)} “ 2^1 j 

then, can be written as, 

(4.4) = A^,,(z) + L^,.(z)i/;o + 

where A^^sA) is a m x m matrix of pseudodifferential operators on 
:= Mi,^ := and 

(«i - Ao - 5o)(l - V'l) + R^o,.(^)R) R; + 0(/i); 
©/,,,(z) = C)(/i°°) : A{R^+p) L^(R^)®^, 

with Xo,s := The principal symbol of A^^s{z) is of the 

form, 

a^A^A\A := {z- ((/ + p!'doj{x))~^{i + iVs{x))Y'^ In - MAx)i 

where In stands for the NxN identity matrix, and A4^(x) is a NxN matrix 
of smooth functions on with eigenvalues Xi{x + puj{x)), ... , Xn{x + pu}{x) 
for x G M^\Woj and satisfying ReAd^( 2 :) > Aq + (5o for x G Wq- Finally, 
there exists a constant C > 0 such that, 

(4.6) < Ch. 

Here, -00 and i/’i are the two functions defined as in (12.3|) . 

Remark 4.2. Again, using Remark lS.^ we see that this is also equivalent 
to: 0 G a(AAz))- 

Proof. We have to prove (14.4p . Using the same notations as in (|2.3D . we 
have, 

= P = Pi + (Q - Ao - <5o)(l - A) = Pi + (g - Ao - 5o)(l - AAo, 
and thus, 

( 4.5 

AAz) = P+ (z - Pi) R~ + P+ (^BAz) - (g - Ao - 5o)(l - V'O'^o) R)!- 

The fact that R'^ {z — Pi) R~ is a matrix of smooth semiclassical pseudo¬ 
differential operators on is a direct consequence of the fact that Pi is a 
twisted pseudodifferential operator associated with the family {flj, Pj)j=o,...,j, 
and that the same is true for R^ (see [MaSo2| for the terminology and de¬ 
tails). Moreover, its symbol is a second-order polynomial with respect to 
and its principal symbol is of the form 2 ; — ((/ -|- Adzo{x))~^A — AA^x), 
where AA^(x) is the matrix, 

MAx) ■■= R'l^ {Q{x)A{x) + (Ao + 5o)(l - Aix))) Rf,- 
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In particular, when x G M^\Wo, then = 1; and the eigenvalues of 

A4f^(x) are those of (5(a;)ngj(3:), that is, Ai(a; + fiu}{x )),..., XnIx + imjj{x). 
Moreover, when x G Wq, then Re(5(x) > Aq + Sq, and thus Re AI^(x) > 
Ao + (5o, too. As a consequence, {z — Pi) is a pseudodifferen¬ 
tial operator, too, with principal symbol 2 ; — ((/ -|- -|- iVs))^ — 

Mfj,{x). 

In view of (14.7p . and since R^{Q — Aq — (5o)(l — V’i)V'o-R/7 commutes with 
now we are reduced to study R'^e^/^B^{z)e~^/^R~. We first prove. 

Lemma 4.3. If s = s{x) G satisfies |Vs(x)p < 9{x,z), then, for 

j = 0,1, one has, 

Ree*(^)MXj(^)e-"W/^ > 0, 

and, 

= 0 ( 1 ) : L'^■, L"^{W)) (R^(RP)), 

uniformly as h —>■ 0+. Moreover, is a twisted pseudo¬ 

differential operator associated with the family (Hj, Lj)j=o,...,j. 

Proof. We have, 

e"(^)/'*n(R,' - + Qj - z)U, 

and the principal symbol kg of the semiclassical differential operator 

^Six)/hj^^^-S{x)/h -g by 

ks{x,0 = {{I + ^*iia;(x))"^(C + iVs(x)))^, 

and thus, for p small enough, 

Rekgix,0 = (1 + 0{\p\))e - (1 + 0(|/i|))|Vs|2 > - Oix,z) - ^Ji. 

As a consequence, for /i > 0 small enough, we obtain, 

(4.8) 

Ree"(OMn(P^. _ > ReU{-^h^A^ + Qj - 9{x,z) - ^di)!! 

>Ren(-i/i2A, + i,5i)n. 

Since ) ^n, the first 

two results follow. Moreover, for j = 1, we know that e®^^^/^II(Ri — 
2 ;)IIe“^^^^/^ is a twisted pseudodifferential operator associated with the fam¬ 
ily {VLj, Lj)j=o,,,,,j. Thus, so is e^^^Q\{z)e~^l^ , and (14.8|) shows that it is el¬ 
liptic. Then, the last result follows from the general theory of |MaSo2j . □ 

This lemma allows us to extend the result of Theorem 12.11 by taking into ac¬ 
count the weight Indeed, working with e^l^Qj{z)e~^l^ instead of Qj{z), 
we see that all the arguments can be repeated, the main point being that, in 
this case, Q{x) will be substituted with Q{x) — ((/ -|- /i*da;(x))“^ Vs)^, and 

Kq will be ((/ -|- p^dio{x))~^{Dx + iVs))^ + ((/ + p^dio{x))~^Vs)‘^, leaving 
satisfied the conditions 
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In particular, according to the expression of B^{z) and the definition of Y 
given in (ESI), and adding an index s to the operators, meaning that they 
are conjugated with (when they don’t commute with it), we have, 

- Y^^, + SqTo,, + (1-^,.) 

with, 

Bq,Bx = 0{h) : H-\R^;L'^{RP)) {R^; L'^(RP)). 

Thus, using the expressions of I 2 and Yi given in (12.61) and the definition of 
R, 

B^i,s{z) = - 

+ — ^ 4,5 + B'qTq^s + B'lTi^a) (1 — + B2'iI^0, 

with B 2 = —RXq^sR + 0{h). 

Now, since Tq and Ti are differential operators with coefficients supported 
in {ijjQ = 1}, and since II{Mq — 14)11 = 0, we deduce, 

R^B^^s{z)R^ — T4,<j + BqTq^s + B'iTi^s)‘fiXi^sMi^sR^^i 

+ V’O) 

with 

A/i,! := —ifiR'I^Mi^sXi^sMi^sR^Vi: 

B '2 = -RXo^sR + 0{h). 

By the arguments of |MaSo2j . we see that is a semiclassical pseudodif¬ 
ferential operator of order —2 (and thus 0{h?‘) on L^(M^)). Moreover, since 
[Q,Tl](pi = 0 , we have M^ipi = [ifro,n]<y 9 i = Mnpi, and Y^ipi = ipoMiipoipi + 
ipiMiipf. as a consequence (still with the arguments of |MaSo2| l. we see that 
R^{Mq^s — Yi^s)ipiXi^sMi^sRj^'fi is a semiclassical pseudodifferential oper¬ 
ator of order —2, too. Hence, we are led to, 

R+Bf,^a{z)R- = R+{B'oTo,s + B[n^s)^iX^,aM^,aR;i^i + R^B!,R-^Ijo, 

where A'^ is a semiclassical pseudodifferential operator of order —2. We 
prove. 

Lemma 4.4. For k = 1,2, one has, 

n,sXi,sMi4l - V^o) = 0 (/i“) : L\R^+P) ^ L\R^+p). 

Proof. We write by using the general expression of a twisted pseu¬ 

dodifferential operator (see [MaSo2| . Definition 4.4), namely, 

J 

= J] U-\jAfUjX, + 0{h^), 

j=0 

where > 1 is arbitrary, Xj € C“(]R^) is supported in Dj, and AA is 
a pseudodifferential operator (of degree -1) with respect to the variable x, 
with operator-valued symbol. Then, the result immediately follows from the 
fact that is a first-order differential operator with smooth coefficients 
supported in {tpQ = 1}. □ 
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Then, formula (14.4p follows by setting, 

(z - Pi,s) R/j. + 

g. Lfi,s '■=R'Il{B' 2 - {B'o^o,s + B[Ti^s)‘^i^i,sMi^sR'^<fi 

©^,5(2;) := - i?+ {B'qTq^s + B[Ti^s)^iXi^sMi^sR'^^i(^ - 'i/’o)- 

□ 


5. Action on WKB solutions 

In this section, we study the action of A^{z) on WKB functions of the 
type a{x,h)e~API^^ where the symbol a{x,h) admits some semiclassical 
expansion of the type, 

a{x, h) ~ ^ h^^^ak{x) 
k>0 

as h —>■ 0+. We first prove. 

Proposition 5. 1. Let u G such that, for all j = 0,1,... ,r, and 

X G Llj, Uj{x)u{x, y) that can be written as Uj{x)u{x, y) = aj(x, y; h)e~APP 
with s G independent of h, |Vs(x)p < 9{x,z), aj G C^{Llj-, L‘^{MP)), 

Uj admits in C°°(Qj; an asymptotic expansion of the type, 

aj{x,y,h) r~.'^h^Payk{x,y) 
fc >0 

as h ^ 0+, with aj^k{x,y) G C°°{Llj-, L‘^{MP)) independent of h. Then, for 
any Xj £ C^{Llj), the function e^/^UjXjXi{z)u admits in C°°(flj; (W)) 
an asymptotic expansion of the type, 

eAP/hu.^.X^[z)u{x,y;h) r.^'^h^/‘^byk{x,y,z), 

k>0 

with, 

byo := Uj[U (Qi(x) - [(1 + p^du;)-^Vsf - z) U]-^UUr\jayo. 

Moreover, the support in x of bj^k is included in the union of the supports 
in X of XjO^j, 0 j ■ ■ ■) Xj^j,k- 

Proof. Let Xj ^ such that XjXj = Xj- As we have seen in the 

previous section, e^l^Q\{z')~^e~^l^ is an elliptic twisted pseudodifferential 
operator. Thus, by the general theory of [MaSo2] (in particular Propositions 
4.6, 4.10 and 4.14), we know that PjXje^^^Q\{z')~^e~^I^Pj^Xj is a bounded 
h-admissible operator on T^(M^©C™') (with operator-valued symbol). 

In particular, UjXje^l^X\{z')e~^I^Uj^ Xj is a bounded /i-admissible operator 
on L^(M^; L^(MP)). This means that, for any M > 1, it can be written as, 

U,x,p/^Xi{z)e-^/^Uj%v{x,y) 

= ^2lhY // + 
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with ||i?M|| = 0{h^) and qu is an operator-valued symbol, acting on 
The symbolic calculus also gives us, 

qu = qo + 0{h), 


with, 

qo{x,0 :=UjXj'n{[{l ++ + Qi{x) - z) ^UU^^Xj- 


In particular, taking v = a, and observing that e commutes with Uj ^Xj^ 
we obtain, 

UjXje^^’^Xi{z)xju{x,y) 

1 


{27rhy 


C)a{x', y)dx'd^ + 0{h 


N\ 


The stationary-phase theorem applied to this integral (with critical point 
^ = 0 and x' = x) immediately gives. 


(5.1) 


UjXje^^’^Xi{z)xju{x,y) ~ ^ fc(x, y; 2:), 


fc >0 


in with, 

:= Uj[U {Qi{x) - [(1 + y^doj)-^Vsy - z) U]-^UU-^xh^o, 

and Suppbj^fc C Uo<£<A:Supp On the other hand, using the repre¬ 

sentation of twisted h-admissible operators given in [MaSo2| . Definition 4.4 
(that we apply to e^/^Xi( 2 ;)e“*/^), and still by the stationary phase theorem, 
we also have, 

UjXje''^'"Xi{z){l - Xj)u{x,y) ~ 0 
in C'°°(Dj;//^(M^)). As a consequence, we have, 

UjXje^/^Xi{z)u{x,y) ~ UjXje^^’^Xi{z)xju{x,y) 

~ XjUjXje'‘^'"Xi{z)xju{x,y), 

and the result follows from (jS.ip . □ 

Corollary 5.2. Let u G (L^(M^))®'^ that can be written as u{x]h) = 
a{x-,h)e~^^^^/^ with s G (^^(M^;]^) independent of h, |Vs(3:)p < 9{x,z), 
a G (C'°°(M^))^ admitting an asymptotic expansion of the type, 


a{x] h) ~ h^^‘^ak{x) 


fc >0 


as h ^ 0+, with ak{x) G (C'°°(M^))'^, Suppa^ C Wg. Then, Ap,{z)u 
admits a semiclassical asymptotic expansion of the type, 

e*/''A^( 2 )u(x; h) ~ ^ h^/‘^bk{x; z), 
fc >0 


with, 

6o(x; z) := a^^s{x, 0; z)ao = (^z + ((/ p^duj{x))~^Vs{x))‘^'^ oq - 7W^(x)ao, 

and Suppbk{-', z) C Wq. 





16 


A. MARTINEZi & V. SORDONP 


Proof. Indeed, by Proposition 15.II and (|4.2I) . we see that, for any j = 0,..., r 
and Xj £ we have, 

UjXjXxsMi^sRf^Pia{x, y,h) h^^‘^bj^k{x, y, z), 

k >0 

with Siippbj^k C Wq X RP. In particular, 

(5.2) 'il;oUjXjXi^sMi^sR~i.pia{x,y,h) = 0{h°°), 

together with all its derivatives in x. Now, by (I4.4h . and using that ipou = 0, 
we have, 

e<^)/^A^{z)u = + Q^^s{z)a, 

where 0 is given in (14.91) . and is of the form 

- lAo) 

Looking more carefully at the expression of L'^ g{z), we see that it involves 
only twisted pseudodifferential operators, except Xq that always appears 
on the form XqTq (this is due to the expressions of the operators Y and 
I 3 given in ( 12 . 6 p . and to the fact that L'^g{z) does not involve Yi, Y 2 nor 
Y 4 ). Therefore, since the coefficients of Tq are supported in {x ^ 0}, and 
the same holds for yi, one can deduce from (15.21) and the general theory of 
[MaSo2j that one has, 

0^,,(z)a = O(h-), 

together with all its derivatives. As a consequence, we obtain, 

and the result follows from the fact that A^^^ is a pseudodifferential operator 
with principal symbol cr^^s(x, z), and from a standard stationary-phase 
expansion. □ 


6. Location of resonances 

In order to determine the resonances of H near Aq, we see on (14.3|) that it 
is necessary to know the spectrum of A^(z) near 0. But we see on (14.41) 
with s = 0 that A^[z) is not really a pseudodifferential operator (not even 
modulo 0{h°°)), because of the term L^fi{z)’ipo in its expression. However, 
because this term is localised in the region where Re A^^o < —So + Ch, and 
has a real part < C'h (with C, C positive constants), there exists a general 
method, due to Helffer and Sjstrand |HeSj2| , to compare the eigenvalues of 
A^{z) to those of, 

Af^{z) := Atj.fi{z) + &fj.,o{z) = A^{z) - Lf,fi{z). 

Assume for instance that A^{z) admits an isolated eigenvalue po = Poiz) 
close to 0 (with normalised eigenfunction uq), call Hq the spectral projector 
of Afj,{z) associated with po, Hq := 1 — Hq, and assume that the reduced 
resolvent IIo(A^(z) — p)“^IIo is not exponentially large for p in a small 
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(/i-dependent) neighbourhood of 0. Then, for p is his neighbourhood, one 
considers the two Grushin problems. 


Qoip) ■■= 


Af,- p uo y 

{■,uo) 0 J ’ 


f Af,- p xiuo \ 

V (^^o) 0 y 


where we have omitted the variable z, and where xi ^ C°°{W^) is such that 
Xi{x) = 1 for |x| > 35i, Xi{x) = 0 for |x| < 25i. Then, by construction 
Qo{p) is invertible, and we denote its inverse by. 


Go{p) ^ 


Eo{p) E+{p) \ 

E^{p) E^+{p) J ’ 


then a candidate for the inverse of Q(z) is given by (see also |HeSj2|, Formula 
(9.22)), 


E(p) := 


Xi^o(p)X 2 + (E - p) \I-X 2 ) 

Eo(p) 


where X 2 G C°°{W^) is such that Xi{x) = 1 for |x| 
|a^| < 35i, and B is defined as. 


XiEUp) \ 
Eo^{p) y 

> 4(5i, xi(x) 


0 for 


B := A^- (7x3, 

with X 3 £ (7°°(R"') such that Xi(3;) = 1 near {Re7W^(x) < Aq}, Xi(a^) = 0 
for |x| < 62 (where 82 > 45i), and (7 > 0 is taken sufficiently large in order 
that Rei? < —^o- 


Indeed, taking advantage of the fact that uq is exponentially small near 0, 
and that, thanks to (USD, the operators satisfy the same type of estimates 
as in |H^ , Proposition 9.3, we see as in |HeSj2|, Section 9, that one has. 


g{p)E{p) = I + 


where oq > 0 mainly depends on the distance between the support of X 3 
and 0. By a similar procedure, an approximate left-inverse of g{p) can also 
be found, and as in |HeSj2| , this permits to show the existence of an eigen¬ 
value pi{z) of Af^(z) exponentially close to poiz). Finally, the corresponding 
resonance of H is obtained by solving the equation pi{z) = 0, and we see 
on Theorem 10 that this leads to a unique value zi close to Aq. 

As in |HeSj2| , this argument can also be extended to a set of resonances of 
Af^ separated from the rest of its spectrum. 


7. Applications 

In this section we discuss some applications to cases where resonances can 
be located quite well, and estimates on their widths can be obtained. We 
do not give details on the proofs (that may result rather long) but just give 
indications on them. 












18 


A. MARTINEZi & V. SORDONP 


7.1. Shape resonances. In this subsection we assume that = 1, and 
that the first eiectronic ievei Ai(x) presents, at some energy Aq, the geometric 
situation of a weii in an isiand, as described in [H^ , that is, 

• There is an open bounded connected set O (the isiand) and a com¬ 
pact set [/ C O (the weii) such that Ai < Aq on [/ U Ai > Aq on 
0 \[/; 

• The set x is non trapping for the Hamiitonian -|- Ai (x) at 
energy ievei Aq; 

• Ai(x) admits a iimit A“ < Aq as |a;| —>■ oo, x in a compiex sector of 
the form {| Imx| < 5| Rex|} with 5 > 0. 

Remark 7.1. Note that the limit |a;| ^ oo in Hei(x) can be deduced, by a 
change of variable, from the semiclassical limit of—h^Ay -|- W{y), with h := 
\x\~^, andW{y) := a+Y^j{apyj+9\-^+aj\yj-e\-^) + Y^jf.ajk\yj-yk\~^, 
where 9 is any element of the unit sphere of M^. In particular, the iimit A“ 
can be seen to exist for p = 1, and to be equal to the smallest between the 
first eigenvalue of —Ay + a\^\y\~^, and that of —Ay -|- The case 

p >2 seems to be more delicate to treat, but it is reasonable to think that 
the limit should exist, too. 

In this situation, we can adapt some of the arguments of |H^ (see also 
|LaMa| for a more simplified version) to the operator Ay_fi{z) given in (14.4p 
for s = 0. Moreover, the properties of and (in particular (14.61) ') 
aiiows us to extend the Agmon estimates appearing in |HeSj2| to the whoie 
operator A^(^). 

In addition, the non degeneracy of Ai(3:) and the rotational symmetry of 
Hgi{x) (nameiy, that rotating simuitaneousiy x and yj {j = 1 ,... ,p) with the 
same rotation of leaves Hei{x) unchanged), one can see as in [KMSWj . 
Theorem 2.1 (see aiso |GKMSS] i that one can construct the functions Wk^y 
in such a way that Ay_{z) commutes with the operator of angular momentum 
with respect to x. In particular, working in polar coordinates (r, 9) € x 
denoting by Yi^rn the spherical harmonic of degree i and order m, and 
He the subspace of Lp‘{S‘^) spanned by ; |ir| < f}, one can decompose 
Ay_{z) as (see, e.g., [So]), 

£>0 

where the action of ^^( 2 ) on L^(M+,r^(ir) is defined by, 

Ayiz)a{r) := {Ay{z)a{r)Ye^^{9),Ye^jniO))L^S^), 

where actually the right-hand side does not depend on m. 

Then, taking the cutoff functions radial, we see on (14.4p (with 

s = 0) that A^^{z) can be written as, 

I^(z) = z - F^yiz) - S^y{z)ieo - T^yiz), 
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with T^{z) = 0{h°°), ReS^(z) < Ch, and F^{z) given by, 

F^^izMr) := {F^iz)u{r)Y,^miO),Y,^miO))ms^), 

where F^{z) is a rotational-invariant semiclassical pseudodifferential opera¬ 
tor on with symbol /^(x,^;z) satisfying, 

0 = [{I + + A^(x) + O(h^), 


where is a smooth function of |a;| such that, 

A^(|x|) = Ai(x -|- juuj(x)) for \x\ > 2hi; 
Re A^(x) > Ao -l- 5o for |x| < 25i. 


Setting v{r) = ru{r), this leads to a problem on L^(M'*',dr) with Dirichlet 
boundary condition at 0, and with principal part, 

+ V(^)' 


Pm = 


d 


(1 -|- Cb'{r))dr 


Then, thanks also to (14.5p . one can adapt the arguments of |HeSj2| , Section 
9, to the operator F^{z) + T^{z), and, by the method described in Section[6] 
one can show the existence of resonances of H near Aq, with exponentially 
small widths. 


7.2. Microlocal tunneling. Here we assume N = 2, and that the second 
electronic level A 2 (a:) forms a well at some energy Aq, while the first one 
Ai(x) is non trapping at Aq. More precisely, we assume that X 2 {x) is simple 
(so that Ai and A 2 are automatically rotationally invariant), and that, 

• The set U := {A 2 < Aq} is compact; 

• A 2 (x) admits a limit A“ > Aq as |x| —>■ 00 , x in a complex sector of 
the form T^ := {| Im x\ < (5| Rex|} with (5 > 0; 

• Ai(x) admits a limit A^ < Aq as \x\ —>■ 00 , x G T^; 

• The set {Ai(x) = Aq} is reduced to a single point. 

In this case, using again the rotational symmetry and the simplicity of Ai 
and A 2 , the operator A^{z) can be written as, 

l>0 

where, as before, T-Lg, is the subspace of Lp‘{S‘^) spanned by the spherical 
harmonics ^ ^ ^)) and A^^{z) is a 2 x 2 matrix acting on 

L^(M+, r‘^dr) 0 L^(M+, r^dr), of the form, 

still with T^{z) = 0{h°°), ReSj^{z) < Ch, and F^{z) is given by, 

F^^iz)u{r) := {F^{z)u{r)Yg,m{0),Ye,mm lRs^), 

where F^{z) is a rotational-invariant 2 x 2 matrix of semiclassical pseudo¬ 
differential operators, with symbol f^{x,^]z) satisfying, 

= [(7 + Ai‘da;(x))"^^]^l 2 + A^(x) + 0{h^), 
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where is a 2 x 2 matrix-valued smooth function such that, 


A„(x) = ( 

Re A^(x) > Ao + 5o for |x| < 26i 


0 X2{x + nu}{x)) 


for |x| > 2(5i; 


In this situation, one can work in the same spirit as in [Ma3] (but in a simpler 
way, here, since the operator is already distorted, and thus only compactly 
supported weights are necessary) and prove the existence of resonances near 
Ao with exponentially small widths as /i —>■ 0 +. Alternatively, one can also 
adapt the arguments of [FMWj , where particular solutions to such a system 
are constructed. 


7.3. Molecular predissociation. In this subsection we take N = 3, and 
we assume that the second and third level cross on some disc {|a:| = ro}. 
More precisely, we assume that the first 3 eigenvalues can be re-indexed in 
such a way that they become smooth functions of r = |x|, and that they 
satisfy, 

• The set U := {r > 0; A 2 (r) < Aq} is a bounded interval [ri,r 2 ]; 

• A 2 (r) admits a limit > Aq as r ^ oo, r in a complex sector of 
the form T^ := {|Imr| < 5|Rer|} with 5 > 0; 

• A 3 (r) admits a limit A“ < Aq as r —oo, r G T^; 

• Ai(r) admits a limit Af° < A^ as r —>■ oo, r G T^; 

• The set {A 3 (r) = Aq} is reduced to a single point {r 3 } with r 3 > r 2 ', 

• The set {Ai(r) = Aq} is reduced to a single point belonging to (0, ri); 

• For all r > 0, Ai(r) < min{A 2 (r), A 3 (r)}. 

Then, following |K1| . one can prove the existence of resonances near Aq with 
exponentially small widths as h —>■ 0+. 

7.4. Crossing levels. We take again N = 3, and we assume that the second 
and third level cross on some disc {|x| = ro}. More precisely, we assume 
that the first 3 eigenvalues can be re-indexed in such a way that they become 
smooth functions of r = |x|, and that they satisfy, 

• The set U := {r > 0; A 2 (r) < Aq} is a bounded interval [ri,r 2 ] with 
ri < r 2 and X^ivj) ^ 0 for j = 1, 2; 

• A 2 (r) admits a limit A“ > Aq as r —>■ oo, r in a complex sector of 
the form F 5 := {| Im r\ < (5| Re r|} with 5 > 0; 

• A 3 (r) admits a limit A“ < Aq as r —)■ 00 , r G F^; 

• Ai(r) admits a limit A“ < A^ as r —>■ 00 , r G F 5 ; 

• The set {A 3 (r) = Aq} is reduced to {r 2 }; 

• The set {Ai(r) = Aq} is reduced to a single point belonging to (0, ri); 

• For all r > 0, Ai(r) < min{A 2 (r), A 3 (r)}. 

Then, one can adapt the arguments of |FMW] (see, in particular. Remarks 
2.2 and 8.8 in |FMWj i and prove the existence of resonances at a distance 
0 (/i^/^) of Ao, with widths of size h5/3. 
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